Hydrodynamic coupling of a spherical particle to an undeformable planar fluid-fluid interface under creeping-flow conditions is discussed. The interface can be either surfactant-free or covered with an incompressible surfactant monolayer. In the incompressible surfactant limit, a uniform surfactant concentration is maintained by Marangoni stresses associated with infinitesimal surfactant redistribution. Our detailed numerical calculations show that the effect of surface incompressibility on lateral particle motion is accurately accounted for by the first reflection of the flow from the interface. For small particle-interface distances, the remaining contributions are significant, but they are weakly affected by the surface incompressibility. We show that for small particle-wall gaps, the transverse and lateral particle resistance coefficients can be rescaled onto corresponding universal master curves. The scaling functions depend on a scaling variable that combines the particle-wall gap with the viscosity ratio between fluids on both sides of the interface. A logarithmic dependence of the contact value of the lateral resistance function on the viscosity ratio is derived. Accurate numerical calculations are performed using our Cartesian-representation method.
I. INTRODUCTION
Flow reflected from an interface depends on the boundary conditions; therefore, the mobility of a rigid sphere moving near a planar interface is strongly affected by the interfacial dynamics. For simple boundaries such as rigid-walls and surfactant-free fluid-fluid interfaces, the single-particle and multiparticle hydrodynamic interactions have been investigated theoretically using reflection methods, [1] [2] [3] [4] [5] Fouriertransform techniques, 6, 7 solutions in bipolar coordinates, [8] [9] [10] and boundary-integral equations. 11 In our study we consider more complex boundary conditions, we analyze how surfactant adsorbed on a fluid interface influences particle motion.
To this goal, we apply our new technique, developed in the accompanying study, 12 and based on the Cartesianrepresentation calculation scheme. Surfactant may affect particle dynamics in two ways: first, it produces Marangoni stresses that resist compressional interfacial flow, and second, it may also result in nonzero interfacial viscosity. The effect of interfacial viscous stresses on particle motion has been discussed in Refs. [13] [14] [15] [16] , but the role of Marangoni stresses has not been thoroughly investigated. Marangoni stresses have either been omitted in such studies [13] [14] [15] [16] or incorporated only for systems with large surfactant mobility associated with diffusion or a kinetically controlled adsorption/desorption process. 14, 17 Since surfactant diffusivity is generally small, such models are insufficient for descriptions of particle dynamics in systems with strongly adsorbed surfactant that is insoluble ͑or weakly soluble͒ in the bulk phases. The present paper focuses on the hydrodynamic effect of Marangoni stresses in the limit where the interface can be treated as a two-dimensional incompressible medium with zero viscosity. We will discuss the effect of interfacial viscous stresses on particle motion in our next paper. In previous work, the influence of surface incompressibility on particle motion has been considered only in the point-particle approximation. 18 Several recent papers have also discussed the effect of surfactant incompressibility on hydrodynamic interactions of spherical drops. [19] [20] [21] Our present study complements these investigations by providing new results for the dynamics of a spherical particle at arbitrary distances from a planar interface.
In particular, we show that the Stokeslet-reflection term accurately captures the effect of surfactant incompressibility on the mobility of a spherical particle moving parallel to a planar interface. The remaining contributions are significant, but they are only weakly affected by the surfactant presence. Since the Stokeslet term is given analytically, the mobility function can be evaluated using this analytical result and the available results for a sphere near a surfactant-free interface. 9 We have also derived asymptotic scaling of the particle mobility in the regime of small particle-interface gaps and arbitrary viscosity ratios = 2 / 1 of the fluids at both sides of the interface ͑cf. Fig. 1͒ .
Our paper is organized as follows. In Sec. II the system is defined and the surfactant incompressibility limit is discussed. Section III provides an overview of the notation and a brief discussion of the accuracy of the calculations, based on the method described in the accompanying paper. 12 Our results for the lateral mobility ͑parallel to the interface͒ are presented in Sec. IV and transverse mobility ͑normal to the interface͒ in Sec. V. Concluding remarks are given in Sec. VI.
II. PARTICLE IN THE PRESENCE OF PLANAR INTERFACE

A. The system
We apply the method developed in the accompanying paper 12 to calculate hydrodynamic interactions of a solid sphere with a planar undeformable fluid-fluid interface, under creeping-flow conditions. The particle of diameter d is immersed in a fluid of viscosity 1 ; the viscosity of the fluid at the other side of the interface is 2 ͑cf. Fig. 1͒ . The interface is at z = 0 and the particle center at r = ͑0,0,z͒.
Under creaping-flow conditions, the flow of the bulk fluids is described by Stokes equations
Here u k and p k are the velocity and pressure fields in a fluid phase k. The fluid velocity satisfies the no-slip boundary conditions on the particle surface. The velocity is continuous across the interface and the normal velocity component vanishes,
where ê z is the unit vector normal to the interface and u s is the local two-dimensional interfacial velocity. We consider two types of interfaces: compressible and incompressible ones. In both cases, we assume that the surface viscosity is negligible.
Across a compressible interface, the tangential stress is continuous,
where k ͑k =1,2͒ is the stress tensor in phase k, and I s = ê x ê x + ê y ê y denotes the projection tensor onto the interface. For an incompressible interface we have two complementary boundary conditions. First, the interfacial velocity u s is surface-divergence free,
where ١ s = I s · ١ denotes the gradient operator along the interface. Second, the stress balance equation,
involves the gradient of interfacial tension ͑Marangoni stress͒. As discussed in Ref. 12 , the interfacial tension is the Lagrange-multiplier field, which assumes the form needed to maintain surface incompressibility ͑4͒. The interfacial tension thus plays a similar role to the pressure for three-dimensional incompressible flows.
B. Particle mobility problem
We consider a torque-free spherical particle driven by an applied force F in the presence of an interface. The particle moves with the translational velocity U and angular velocity ⍀. Our focus is on the translational motion, which can be more readily observed experimentally than the rotational motion.
Both for fully compressible and incompressible interfaces, the boundary conditions for the stress and fluid velocity are linear. Owing to the linearity of the Stokes equations, the translational motion of a torque-free sphere can be described using the linear mobility relation
Due to the axial symmetry of the problem, the particle mobility matrix involves two scalar mobility coefficients, Ќ and ʈ , corresponding to the particle motion normal and parallel to the interface,
In our analysis of scaling behavior of hydrodynamic forces for a sphere nearly touching the interface, we will also consider the friction problem
where
For the lateral particle motion we have ʈ ʈ −1 , because in the mobility problem ͑6͒ the particle can freely rotate, and in the friction problem ͑8͒, by assumption, the particle has a zero angular velocity ⍀ = 0. The transverse friction and mobility coefficients are inverse of each other, Ќ = Ќ −1 , because by symmetry the particle does not rotate. Our method of evaluating the friction and mobility coefficients and has been described in Ref. 12 .
III. NOTATION, NORMALIZATION, AND ACCURACY
In what follows, the mobility and friction coefficients are normalized by their infinite-space values. For the lateral and transverse dimensionless components defined by Eqs. ͑7͒ and ͑9͒, we use the notation
for the mobility coefficients, and 
for the friction coefficients, in accordance with Ref. 22 . The subscripts "co" and "in" will be used to indicate results for the compressible and incompressible interface, respectively. The distance z of the particle center to the interface is normalized by the sphere diameter d ͑so that z = 0.5 corresponds to the contact configuration͒. In Sec. IV the results are presented for the lateral mobility and friction coefficients y a and Y A and in Sec. V the transverse mobility coefficient x a =1/ X A . In our analysis we focus on two regimes: the regime of large and intermediate particle-interface separations z and the lubrication regime, where the dimensionless particle-interface gap is small,
In the above relation the dimensional gap h is normalized by the particle diameter d ͑rather then radius a͒; thus our definition of ⑀ differs from the one used in Ref. 22 
͑13͒
and small values of the dimensionless gap ⑀, the precision of our calculations based on the truncated spherical-harmonic expansion is very high. To improve the convergence of the contact-value results presented in Sec. IV B 1, for large viscosity ratios ӷ1, we have used scaling relations explained in Appendix A 2. It should be noted that, in all figures, the numerical uncertainty of the depicted results does not exceed the line thickness.
IV. PARTICLE MOTION PARALLEL TO THE INTERFACE
A. General properties of the lateral mobility coefficient y a 1. Overall behavior Figure 2 shows our results for the lateral mobility coefficients y co a and y in a of a particle moving along a compressible ͑top panel͒ and an incompressible ͑bottom͒ interface. The coefficients are plotted versus the particle-interface distance z for different values of the viscosity ratio .
The results depicted in Fig. 2 indicate that the particle mobility decreases with the increasing viscosity ratio . This effect is large for small particle-wall distances z. For small values of ͑i.e., when the fluid of lower viscosity occupies the region below the interface͒, the mobility is larger than unity ͑i.e., larger than in an unbounded fluid͒, owing to the large interfacial mobility. In the regime of large viscosity ratios, the mobility y a is smaller than unity, and in the limit → ϱ it tends to the rigid-wall value. For large particleinterface separations z ӷ 1, the mobility tends to the infinitespace limit y a =1. In the case of a fully compressible interface, the transition between the domains of the increased ͑y a Ͼ 1͒ and decreased ͑y a Ͻ 1͒ mobility occurs at slightly smaller than 1. For =1 ͑i.e., when both fluids have the same viscosity͒ we have y co a Ͻ 1, because of the increased dissipation associated with the constraint that the interface remains flat. For the incompressible interface, the transition between the increased and decreased mobility occurs at a viscosity ratio slightly smaller than Ϸ 0.6. For incompressible interface, the transition value of is lower than for compressible interface, because of the additional dissipation associated with the incompressibility constraint.
According to the results depicted in Fig. 2 , for most particle-wall separations the mobility y a is a monotonic func- The lateral mobility coefficient y a vs the particle-interface distance z for different viscosity ratios ͑as indicated͒. Results for a compressible interface ͑top panel͒ and incompressible interface ͑bottom͒. The insets show the deviation of y a from the contact value y a ͑z = 0.5͒ for small particle-wall separations.
tion of z. However, as shown in the insets, for very small gaps ⑀ Ӷ 1 there is a sharp decrease in the mobility, which for small viscosity ratios results in a nonmonotonic behavior. The sharp decrease of the mobility close to contact is related to a rapid logarithmic damping of particle rotation along the axis parallel to the wall. At contact, the angular velocity vanishes ͑as predicted in Refs. 4 and 23͒. This arrest of rotation results in an increased resistance to the translational motion.
Point-particle approximation
For both types of interfaces considered in our paper, the leading-order far-field expansion of the lateral mobility coefficient yields the point-particle approximation of the form
The expansion coefficients can be obtained by evaluating a single reflection of the Stokeslet from a compressible, 1 or incompressible, 18 interface,
͑16͒
The expansion coefficients ͑15͒ and ͑16͒ differ by a factor of 2 for =0 ͑where the effect of surface incompressibility is most pronounced͒ and both reduce to the rigid-wall result ␤ 1 =− 9 32 for = ϱ. To determine the accuracy of the point-particle approximation ͑14͒, the leading-order contributions are subtracted from y a , and the resulting reduced mobilities
are plotted in Fig. 3 . For both types of interfaces we find that the point-particle approximation ͑14͒ is quite accurate even at relatively small distances z. At low and moderate viscosity ratios the error of the point-particle approximation is small in the whole range of particle-interface separations up to contact. In particular, for Ϸ 4, this error does not exceed 2%. For a compressible interface, the next-order O͑z −3 ͒ term in the inverse power expansion of the lateral mobility is evaluated and compared to our numerical results in Appendix B.
The effect of surface incompressibility
The influence of surface incompressibility on the mobility of a particle moving along an interface is illustrated in Fig. 4 . To assess this influence, we show in the top panel the difference y co a − y in a between the lateral mobilities for compressible and incompressible interfaces. We find that for all particle positions the difference is positive. This is because the surfactant constrains compressional motion of the interface, leading to increased dissipation compared to the dissipation in the unconstrained system. The difference is most pronounced for near-contact configurations and for small viscosity ratios .
Our results show that surface incompressibility alters primarily the leading-order O͑z −1 ͒ far-field terms ͑14͒-͑16͒; the higher-order corrections are relatively unaffected. This effect is illustrated in the bottom panel of Fig. 4 , where we plot the difference ⌬y co a − ⌬y in a of the reduced mobilities ͑17͒. We find that in the whole range of the particle-interface distances z the difference is small and the corresponding approximation
͑where the right-hand-side is the difference of the pointparticle contributions͒ has accuracy better than 3%. The effect of the surface incompressibility on the particle motion is thus almost completely captured by the point-particle approximation.
B. Lubrication regime
We now consider contact and near-contact particle motion. In Sec. IV B 1 we discuss our numerical results for the contact value of the lateral friction coefficient, Y A ͑z = 0.5͒, and we show that it exhibits logarithmic dependence on the viscosity ratio. In Sec. IV B 2 we derive asymptotic scaling for Y A and demonstrate that in the near-contact regime ͑12͒ the function Y A ͑z , ͒ depends only on the combined variable 2 ⑀ that involves the viscosity ratio and the dimensionless gap width. Using this scaling relation, the logarithmic dependence of Y A ͑z = 0.5͒ on is explained. We note that at contact there is no coupling between the translational and rotational particle motions, and therefore the friction and mobility matrices are equivalent
The rotation is arrested due to infinite lubrication forces associated with the squeezing flow between the surface of a rotating particle and the planar interface. We consider here the friction rather than mobility coefficient to make the scaling relations discussed below more transparent.
Particle touching the interface
Viscosity dependence. Our numerical results for the contact value of the friction coefficient Y A ͑z = 0.5͒ are plotted in Fig. 5 and listed in Table I . Consistent with the results discussed in Sec. IV A, the friction coefficient is an increasing function of the viscosity ratio . For small viscosity ratios, the coefficient Y A ͑z = 0.5͒, is a regular function of ,
as shown in the insets of Fig. 5 . By matching expression ͑20͒ to our numerical data we find B = 0.40 and C = 0.724 66 for a compressible interface, and B = 0.43 and C = 0.815 48 for an incompressible one. Our numerical results also indicate that in the rigidinterface limit → ϱ, the friction coefficient diverges logarithmically,
Matching Eq. ͑21͒ to our numerical data we find A = −0.8 for a compressible interface and A = −0.6 for an incompressible one. The logarithmic scaling ͑21͒ ͑in particular the proportionality coefficient in the logarithmic term͒ will be explained in Sec. IV B 2. Incompressibility effect. Figure 6 compares the results for a particle in contact with a compressible and an incompressible interface. We focus here on the mobility coeffi- A ͑z = 0.5͒ of a particle touching compressible ͑top͒ and incompressible ͑bottom͒ interfaces, vs the viscosity ratio on the logarithmic scale ͑main panels͒ and linear scale ͑insets͒. Lines show the asymptotic behavior given by Eq. ͑21͒ ͑main panels͒ and by Eq. ͑20͒ ͑insets͒, for large and small viscosity ratios.
114702-5
Particle near a fluid-fluid interface J. Chem. Phys. 133, 114702 ͑2010͒
cients, for consistency with the results presented in Sec. IV A 3. The dashed line in Fig. 6 represents the contact value of the ratio y in a / y co a shown versus . The ratio of mobility coefficients increases monotonically from 0.889 for = 0 to 1 for = ϱ. The approach to the asymptotic value at → ϱ is, however, very slow. The solid line in Fig. 6 represents the contact value for the ratio ⌬y in a / ⌬y co a of the reduced mobilities ͑17͒. This ratio differs from unity by no more than 2%-3%, which confirms that even for particles at contact the hydrodynamic effect of the surface incompressibility is accurately accounted for by the point-particle expression ͑18͒.
Asymptotic scaling
To explain the logarithmic dependence ͑21͒ of the contact value of the lateral resistance function Y A on the viscosity ratio , we analyze the fluid flow in the near-contact region. We consider small, but finite normalized particleinterface gaps ͑12͒.
Qualitative argument. We argue that the logarithmic behavior ͑21͒ stems from the cutoff of the rigid-wall-like lubrication resistance at ⑀ ϳ −2 . For larger values of the dimensionless gaps the interface is immobile because of the high viscosity 2 . For smaller gaps ⑀, the interface becomes mobile, because large lubrication stress 1 in the fluid layer between the particle and the interface dominates the stress 2 on the other side of the interface.
Characteristic values of the viscous stresses 1 and 2 are determined by considering the fluid velocity in the lubrication region, v 1 , and in the bulk fluid on the other side of the interface, v 2 . As illustrated in Fig. 7 , the velocity variation ⌬v 1 in the lubrication layer occurs on the lengthscale h. The velocity variation ⌬v 2 in the fluid on the other side of the interface occurs on the lengthscale l = ͑ha͒ 1/2 ͑which is the width of the lubrication domain͒. Accordingly, the magnitudes of the corresponding viscous stresses are
Assuming the stress balance on the interface 
͑25͒
is the interfacial mobility. 24 According to Eq. ͑24͒ we have ⌬v 2 Ӷ⌬v 1 for I Ӷ 1 ͑i.e., ⑀ ӷ −2 ͒. Therefore, the interface is nearly immobile in this regime and the resistance function behaves as the one for a rigid-wall, 2,10
where C rw = 0.492 19. In the opposite limit, I ӷ 1 ͑i.e., ⑀ Ӷ −2 ͒, the interface in the near-contact region becomes fully mobile and the resistance tends to a finite value for ⑀ → 0. The crossover occurs at I Ϸ 1, i.e., for
The above asymptotic and crossover behavior is illustrated in Fig. 8 . For both compressible and incompressible interfaces the resistance function deviates from the rigid-wall asymptotic form ͑26͒ at the crossover value of the dimensionless gap ͑27͒. Inserting Eqs. ͑27͒ into ͑26͒ yields
where the constant A depends on a detailed form of the friction function Y A in the crossover domain. Quantitative derivation. Relation ͑28͒ can be obtained more rigorously by rescaling the flow in the lubrication region using the inner variables
and analyzing the resulting asymptotic form of lubrication equations. In Eq. ͑29͒ Ј represents the lateral position of a fluid element with respect to the axis of symmetry and zЈ denotes the distance from the interface. The rescaled variable is chosen in such a way that the local stress balance 1 ϳ 2 yields the transition between the mobile and immobile interface in the region Ϸ 1 ͑assuming that ⑀ Շ −2 ͒. The particle-interface is at z Ϸ 1 for Ϸ 1, which justifies the scaling of the transverse variable zЈ.
It can be shown that in the rescaled variables ͑29͒, the leading-order lubrication equations are independent of the viscosity ratio. 24 Thus, for ⑀ → 0 the asymptotic velocity field in the lubrication region is a universal function of the inner variables , z, and the rescaled gap 2 ⑀,
͑where U is the particle velocity and u 1 is the scaling function͒. To evaluate the resistance force F ʈ acting on the particle, the viscous stress associated with the flow field ͑30͒ is integrated over the particle surface. The integration is performed after subtracting the corresponding viscous stress on the surface of a particle in contact with the interface to cancel the divergent contribution from the region ӷ 1. The integration yields the relation
where F ʈ contact is the contact value of the force F ʈ and f ʈ ͑ 2 ⑀͒ is a universal scaling function. The scaling behavior ͑31͒ is depicted in the insets of Fig. 8 . 25 For large values of the rescaled gap 2 ⑀, the interface is immobile for all values of , according to Eqs. ͑24͒ and ͑25͒. Thus, for 2 ⑀ ӷ 1 the scaling function f ʈ crosses over to the rigid-wall logarithmic form
consistent with Eq. ͑26͒, and the results shown in Fig. 8 . According to our numerical results, we have A = −0.8 for a compressible interface and A = −0.6 for an compressible interface. Combining the scaling relation ͑31͒ with the asymptotic expressions ͑26͒ and ͑32͒ yields the logarithmic dependence ͑28͒ of the friction function on the viscosity ratio.
V. PARTICLE MOTION NORMAL TO THE INTERFACE
A. General properties of the transverse mobility coefficient x a
Overall behavior
Due to the axial symmetry of the problem, particle motion normal to the interface produces only surface irrotational flow components. These components interact with an incompressible interface in the same way as with a rigid-wall according to the analysis in presented Sec. VI of Ref. 12 ͑also see Ref. 18͒. Therefore, the transverse mobility x a for an incompressible interface and a rigid-wall are the same.
Since hydrodynamic interactions of a particle with a rigid-wall have been studied in much detail, 2,22 we do not further consider particle motion that is normal to an incompressible interface. We discuss only the compressible interface case, so for simplicity the subscript co denoting the interface type is dropped. Figure 9 shows the dimensionless transverse mobility coefficient x a versus the distance z between the particle center and the interface for different values of the viscosity ratio . In contrast with the results for the parallel motion ͑cf., the top panel of Fig. 2͒ , the interface hinders the normal particle motion even for small viscosity ratios. Moreover, for all values of , the transverse mobility x a monotonically decreases with the decreasing z and vanishes at contact.
Point-particle approximation
Similar to the results for the lateral mobility, we compare exact value of the transverse mobility with its far-field approximation
͑34͒
To determine the accuracy of the point-particle approximation ͑33͒, we subtract the leading-order far-field contribution from x a . The resulting reduced mobility
is plotted in Fig. 10 . A comparison of Figs. 3 and 10 indicates that the point-particle approximation for the mobility perpendicular to the interface is less accurate than the corresponding approximation for the lateral mobility. The nextorder O͑z −3 ͒ term in the inverse power expansion of the transverse mobility is compared to our numerical results in Appendix B.
B. Lubrication regime: Asymptotic scaling
As depicted in the inset of Fig. 9 , the transverse mobility in the lubrication domain ͑12͒ has the asymptotic behavior
where the expansion coefficient ␣͑͒ varies between the limiting values
corresponding to the free-interface and rigid-wall limits. 26, 27 We show that in the asymptotic regime ⑀ Ӷ 1 and ӷ1 all these curves can be collapsed onto a single master curve by an appropriate rescaling, similar to the one applied in Sec. IV B for the lateral case. The asymptotic scaling can be derived using similar arguments 24 to those presented in Sec. IV B 2 for the lateral particle motion. The main difference is that due to the squeezing ͑rather than shearing͒ motion in the lubrication 
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where the limits
correspond to the behavior ͑37͒ for the fully mobile interface and a rigid-wall. The above scaling behavior is illustrated in Fig. 11 for the mobility coefficient 2 
in the regime of moderate and high viscosity ratios տ1. As expected, the rescaled mobility approaches a universal master curve for sufficiently small ⑀, consistent with our analysis. The slopes of the master curve in the limits 2 ⑀ → 0 and 2 ⑀ → ϱ ͑as indicated by the dashed lines in the inset and main panel͒ are consistent with the asymptotic result ͑39͒.
VI. CONCLUSIONS
We have presented a theoretical and numerical study of the hydrodynamic coupling between a solid sphere and a planar fluid-fluid interface in the creeping-flow regime. Interactions of the particle with two different types of interfaces have been determined: with a clean, fully compressible interface and with a surfactant-covered incompressible interface. Lateral and transverse particle mobility and friction coefficients were evaluated with high accuracy for different viscosity ratios characterizing the fluids separated by the interface.
Our numerical calculations were performed using an algorithm that combines the HYDROMULTIPOLE expansion technique 28 with Cartesian-representation of Stokes flow in the presence of a planar surface. 7, 29 Our algorithm, developed in Ref. 12, enables highly accurate calculations in single-particle and multiparticle systems, and it has a well controlled accuracy.
The main results of the present work are the following. For an arbitrary particle position and viscosity ratio, we find that the particle mobility is smaller in the system with the incompressible interface, because of the increased dissipation resulting from the incompressibility constraint. The difference between the mobilities is most pronounced at small particle-interface distances z, especially when the viscosity of the suspending fluid is much larger than the viscosity of the fluid on the opposite side of the interface.
For the lateral motion, the maximal mobility difference is about 20%. For the normal particle motion the difference is significantly larger, and in the near-contact regime the mobilities may differ by a factor of 4. This is because for the normal particle motion the axisymmetric surface flow is arrested due to the incompressibility condition. Thus an incompressible interface interacts with a particle moving in the normal direction in the same way as would a rigid-wall.
For small particle-interface gaps, ⑀ Ӷ 1, we have performed an asymptotic analysis of the flow in the near-contact region. We have shown that by appropriate rescaling, the friction coefficient in the lubrication domain can be collapsed onto a universal master curve. The scaling variable, 2 ⑀, combines the particle-wall gap and the viscosity ratio. Using this scaling behavior, we have shown that for large values of the viscosity ratio , the lateral friction coefficient for a particle touching the interface has the logarithmic form 16 ln / 15+ A, with a different constant A for a compressible and an incompressible interface. For the normal particle motion, the scaling in the variable 2 ⑀ applies only to a compressible interface, because particle motion toward an incompressible interface does not depend on the viscosity ratio. Accurate evaluation of the particle mobilities close to an interface is important for practical applications, such as probing properties of an interface. For example, measurements of particle mobility can be used to assess if a given interface is contaminated or not. The mobility can be evaluated, e.g., by observing particle diffusion. 30 In our future publications, we will determine the mobility of a particle coupled to a fluid-fluid interface with a nonzero interfacial viscosity. We will also study hydrodynamic interactions of particles placed on the opposite sides of the interface. We expect that the mutual-mobility coefficient 12 in such a system is more sensitive to the interfacial properties than the single-particle self-mobility coefficient studied in the present paper: the mobility 12 is entirely determined by the flow transmitted through the interface and this flow strongly depends on the interfacial properties. Measurements of the mutual-mobility coefficient may thus be a sensitive probe of the interfacial properties ͑such as the surface viscosity͒. In our implementation of the Cartesian-representation algorithm for a particle near a fluid-fluid interface, Eq. ͑38͒ from Ref. 12 are truncated at the multipolar order l = L and solved numerically. Exact lubrication expressions are not available for our system and the standard convergenceacceleration method based on subtraction of the lubrication resistance 28, 31, 32 cannot be used to improve the convergence with L. Thus, large truncation orders are needed to achieve high numerical accuracy. However, due to the decoupling of components with different m ͓cf., Eq. ͑40͒ from Ref. 12͔, numerical calculations with high values of L can be performed efficiently.
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To determine the mobility of a particle hydrodynamically coupled to a compressible interface and to a rigid-wall, we have also used an alternative HYDROMULTIPOLE method that combines the multipolar expansion with image representation of the flow reflected from the interface.
2,32,33 Additionally, for a rigid-wall the far-field expansion in inverse powers of the particle-wall distance z, combined with the lubrication expression 2,33,34 was applied. We have verified that all three methods yield equivalent numerical results. However, the HY-DROMULTIPOLE method and the far-field expansion method are not applicable for the incompressible interface, because the image of a point force ͑and higher-order force multipoles͒ cannot be represented as a finite combination of multipolar Stokes flows. 18 
Convergence with the multipole order L
In our numerical calculations we have used the truncation order up to L = 850. The accuracy of our results has been determined by monitoring the convergence with L ͑as in Refs. 28 and 34͒. For small viscosity ratios, highly accurate results ͑up to nine significant digits͒ can be obtained in the whole range of particle-interface separations with a moderate truncation order. The convergence, however, is much slower for ӷ1 and small dimensionless gaps ⑀.
The convergence of the lateral friction coefficient Y A for a large viscosity ratio = 400 is illustrated in Fig. 12 . We find that the convergence is fast for sufficiently large particleinterface gaps, but at small gaps it is much slower. In the example shown in Fig. 12 , the accuracy is about 1% for dimensionless gaps in the range ⑀ Շ 10 −4 -10 −3 , and it rapidly improves outside this region. For = 1000 and the same value of L, the precision in the lubrication regime is of the order of 5%. For the transverse mobility component Ќ , the rate of convergence is also slow in the lubrication regime for large viscosity ratios, as illustrated in Fig. 13. 
Extrapolation procedure for the contact value of the friction coefficient Y A
To improve the convergence of our results for the contact value of the transverse friction coefficient ͑and, more generally, for the near-contact hydrodynamic interactions͒, an extrapolation procedure can be used, based on the observation that the deviation of the approximate contact value for the friction coefficient from the exact value,
depends on the multipolar truncation order L in a universal way through the rescaled variable −1 L,
where b is the scaling function. This universal behavior can be derived using the scaling relation ͑30͒ for the lubrication velocity field and the definition ͑29͒ of the rescaled radial variable . The universal dependence on L is obtained from the asymptotic scaling ͑30͒ by observing that the numerically resolved lateral lengthscale in the lubrication region is inversely proportional to L. The scaling behavior ͑A2͒ is illustrated in Fig. 14. The contact values Y A ͑0.5, , ϱ͒ have been adjusted to collapse results for different values of onto a single master curve. This matching procedure, applied in the domain Ն25, yields the accurate results for the friction coefficients presented in Table I .
APPENDIX B: COMPRESSIBLE INTERFACE: REFINED FAR-FIELD APPROXIMATION
In this appendix we consider the accuracy of the O͑z −3 ͒ far-field expansions, 
͑B4͒
The results ͑B3͒ and ͑B4͒ were obtained using the multiple scattering expansion method. 
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ing results in Fig. 10 and in the bottom panel of Fig. 15 , similar conclusions are obtained for the transverse mobility coefficients.
